We show that if D is an integral domain such that every nonzero locally principal ideal of D is invertible then every invertible integral ideal of D is contained in at most a finite number of mutually comaximal invertible ideals. We use this result to provide a direct verification of Bazzoni's conjecture: A Prüfer domain D such that every nonzero locally principal ideal of D is invertible is of finite character. We also discuss some, star-operation-theoretic, variants of the abovementioned conjecture. . The aim of this note is to introduce a device that not only verifies Bazzoni's conjecture for all the above cases but also allows us to prove Bazzoni-like statements in more general domains. Our plan is to prove a general theorem, to almost verify the Bazzoni Conjecture, as part of introduction/motivation. We then introduce the readers to star operations and verify Bazzoni Conjecture for the PVMDs and finally produce some Bazzoni-like statements for domains that are not PVMDs.
Theorem 1. Let D be an integral domain. If D contains a nonzero element x such that x is contained in infinitely many proper mutually comaximal invertible ideals then D contains an ideal that is locally principal yet not invertible. Equivalently if D is such that every locally principal ideal of D is invertible then each proper principal ideal of D is contained in at most a finite number of proper mutually comaximal invertible ideals of D.
We shall refer, in what follows, to a known result of Griffin [5] that shows that the equivalently part of the above theorem is equivalent for a Prüfer domain D to be of finite character.
Proof. Let S = {A i } i∈N be a collection of proper invertible ideals of D such that 0 = x ∈ A i and A i + A j = D for i = j. Since the members of S are mutually comaximal we have for each n ∈ N, A 1 Now to see that for a Prüfer domain the above theorem delivers the goods and to prepare for the more general results we introduce below the notion of star operations. Most of the information given below can be found in [6] and [7, 
Proposition 1. Every nonzero nonunit of a PVMD belongs to only a finite number of maximal t-ideals if and only if every integral t-invertible t-ideal of D is contained in at most a finite number of mutually t-comaximal t-invertible t-ideals.
Griffin [5] called the PVMDs of Proposition 1, the rings of Krull type. Let us generally call a domain D of finite t-character if every nonzero nonunit of D belongs to at most a finite number of maximal t-ideals. Note that every integral t-invertible t-ideal belonging to only a finite number of maximal t-ideals is equivalent to every integral principal ideal belonging to only a finite number of maximal t-ideals. Now the important observation, in a Prüfer domain every finitely generated I ∈ F (D) is invertible and so is t-invertible. Thus a Prüfer domain is a PVMD. Also because for every finitely generated I ∈ F (D), for D Prüfer, we have I = (I −1 )
= I v and so every finitely generated ideal of a Prüfer domain is a v-ideal. From this we can also draw the conclusion that in a Prüfer domain every nonzero ideal is a t-ideal. In fact a PVMD D is a Prüfer domain if and only if every maximal ideal of D is a t-ideal [9, Proposition 4.4 (3)(b)] and so ''t-comaximal'' translates to comaximal. Consequently Proposition 1 translates to the following result.
Proposition 2. A Prüfer domain D is a ring of finite character if and only if each invertible integral ideal of D is contained in at most a finite number of mutually comaximal invertible ideals.

Proposition 3 (Bazzoni's Theorem). A Prüfer domain D such that every locally principal ideal of D is invertible is of finite character.
Proof. By Theorem 1, every proper principal ideal of D is contained in at most a finite number of mutually comaximal integral invertible ideals. This means that every finitely generated nonzero integral ideal of D is contained in at most a finite number of mutually comaximal integral invertible ideals of D. Now by Proposition 2 we have the result. 
Proof. Since A i are mutually t-comaximal, they do not share a maximal t-ideal. Now if M is a maximal t-ideal that does not contain any of
If on the other hand M is a maximal t-ideal that contains at least one and hence exactly one of them, say
. . . , A n , A n+1 be proper mutually t-comaximal t-invertible t-ideals such that x ∈
(The first proper inclusion holds for any x = 0, as the referee has rightly pointed out.)
Applying the t-operation on both sides we have ( 
A n+1 is a proper t-invertible t-ideal whence (
and applying the t-operation, we get the inclusion. 
Proposition 4. Let D be a domain that contains an integral t-invertible t-ideal A such that A is contained in an infinite number of mutually t-comaximal t-invertible t-ideals. Then in D there is a t-ideal F such that F is t-locally principal yet not a t-ideal of finite type and hence not t-invertible. Equivalently if every t-locally principal ideal of D is t-invertible then every integral t-invertible t-ideal of D is contained in at most a finite number of mutually t-comaximal t-invertible t-ideals of D.
Proof. Suppose that an integral t-invertible t-ideal A of D is contained in an infinite set
, for each n, F is an ascending union of t-ideals and hence is a t-ideal. Now F cannot be a t-ideal of finite type, because if say F = (x 1 , x 2 , . . . , x r ) t then for some m we have F ⊆ ( 
−1 which is again principal because H i D Mi is principal. The equivalently part is just the contrapositive.
Proposition 5. A PVMD D is of finite t-character if and only if every t-locally principal t-ideal of D is t-invertible.
Proof. If D is a PVMD such that every t-locally principal ideal of D is t-invertible then by Proposition 4 every integral tinvertible t-ideal of D is contained in at most a finite number of mutually t-comaximal t-invertible t-ideals of D. But by Proposition 1, D is of finite t-character. Conversely if D is of finite t-character then every t-locally principal ideal is t-invertible follows from Lemma 2.2 of [10].
In the following we present some Bazzoni-like statements for domains that are not PVMDs. 
Proposition 6. Let D be a domain such that every maximal t-ideal M of D contains a t-invertible t-ideal A such that A is contained in no other maximal t-ideal and for every x ∈ M there is a t-invertible t-ideal containing A + xD. Then D is of finite t-character if and only if every t-locally principal t-ideal is t-invertible.
Proof. Suppose that every t-locally principal t-ideal of D is t-invertible and suppose that x is a nonzero element of D that belongs to an infinite set
is t-locally principal yet not invertible, a contradiction. Conversely if D is of finite t-character then every t-locally principal ideal is t-invertible follows from Lemma 2.2 of [10] .
Corollary 2. Let D be such that every maximal t-ideal of D is t-invertible (invertible, principal). Then D is of finite t-character if and only if every t-locally principal ideal is t-invertible.
To establish that there do exist non-PVMD domains that meet the requirements of Proposition 6 and Corollary 2 we state the following result. (X) ) and g is a product of primes that generate maximal ideals. That R is not a PVMD follows from the fact that R is not integrally closed.
Now a word about r-Prüfer monoids. In [12] Houston, Malik and Mott introduced the notion of a '' * -multiplication domain'', for a finite character star operation * , as a domain whose nonzero finitely generated ideals are all * -invertible. But for a finite character star operation a * -invertible * -ideal is a t-invertible t-ideal [6, Theorem 1.1]. So, in a * -multiplication domain of [12] for every nonzero finitely generated ideal A we have A * = A v and as we concluded in the Prüfer domain case we have A * = A t for all A ∈ F (D). To sum up, a * -multiplication domain of [12] is a PVMD. These domains have been extensively studied in the literature as P * MDs (Prüfer * -multiplication domains), even for semistar operations see e.g. [13] and the references there. In [14, Ch. 17], Halter-Koch translated the * -multiplication monoids as r-Prüfer monoids in the language of semigroups and ideal systems. So, for the ideal system r of finite character, an r-Prüfer monoid is a t-Prüfer monoid which is a monoid counterpart of a PtMD which is just the PVMD. In short, for * (respectively, r) of finite character a P * MD (resp., r-Prüfer monoid) is a specialization of a PVMD (resp., t-Prüfer monoid). So any result proved for PVMDs (resp t-Prüfer monoids) can be verified for P * MDs in the same manner as we did for Prüfer domains. Then these results can be translated, in the usual manner to r-Prüfer monoids with a wider area of application.
Finally, let us note that there are Noetherian domains with some nonzero element x in an infinite number of maximal ideals. Looking at the above results it appears that maximal t-ideals have more control. So, here is a question: Is there a domain D that is not of finite t-character yet has the property that every nonzero t-locally principal ideal is t-invertible?
